We present the evolution of Q-star configurations using numerical methods. We solve the full Einstein-Klein-Gordon system of equations and show that: Q-stars can be stable and unstable. The unstable branch is two fold: configurations with negative binding energy that collapse and form black holes, and others with positive binding energy that explode and release the scalar field.
Introduction
Q-stars are gravitational non-topological solitons [1, 2] , which are usually associated to boson stars with a different potential of self-interaction. Both Q-stars and boson stars, are constructed from a Lagrangian of a theory with a complex scalar field minimally coupled to gravity, with a potential of self-interaction, and with a global U(1) symmetry. This global phase invariance is responsible of the existence of a conserved charge corresponding to the boson particle number associated to equilibrium configurations. Q-stars are the self-gravitating version of q-balls, which are solutions that play a role in the baryogenesis process within super-symmetric extensions of the standard model [3] . Q-stars have been studied in various contexts: the surface of these stars as domain walls [4] , charge has been added to these systems [5] , and also have been studied in extra dimensions [6] . In this Letter, we study the stability of spherical Q-stars by solving numerically the full nonlinear Einstein's field equations and show that the decay into free particles of the condensate is possible. For completeness we also track the evolution of stable config-* Corresponding author.
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urations and also configurations that collapse and form black holes.
The Lagrangian density describing a minimally coupled complex scalar field to general relativity reads:
where κ 0 = 8π in units where c = G = 1, φ is the scalar field, the star stands for complex conjugate and V is the potential of self-interaction of the field. Notice that this Lagrangian density is invariant under the global U(1) group, and the associated conserved charge is called the number of particles (defined below). When the action is varied with respect to the metric Einstein's equations arise G μν = κ 0 T μν , where the resulting stress-energy tensor reads
The distinctive fingerprint of Q-stars is the potential of selfinteraction. In fact there are two types of Q-stars labelled 234 and 246, depending on the powers of |φ| contained in the potential. In the present Letter we deal only with the case V (|φ|) = A|φ| 2 + B|φ| 3 + C|φ| 4 Klein-Gordon equation
Q-stars are spherically symmetric solutions of the equations above when a harmonic time-dependence for the scalar field is assumed φ(r, t) = φ 0 (r)e −iωt , where r is the radial coordinate and t the coordinate time. This condition implies that the stressenergy tensor becomes time-independent, which in turn implies that the geometry of the space-time is also time-independent.
The Letter is organized as follows: in Section 2 we present the construction of Q-star solutions, in Section 3 we write down the set of evolution equations allowing us to develop the dynamical study of the Q-stars constructed; we describe a few representative evolutions in Section 4 and finally we draw some final comments in Section 5.
Q-star solutions
To begin with, we consider the time-independent spherically symmetric line element
with α(r) the lapse function and a(r) the radial metric function. Under these specifications, the Einstein-Klein-Gordon equations become:
The system (5) is a set of coupled ordinary differential equations to be solved under the conditions a(0) = 1 that provides spatial flatness, φ 0 (0) finite and ∂ r φ 0 (0) = 0 as a condition that guarantees the regularity of the operators at the origin; also demand φ 0 (∞) = 0 in order to ensure asymptotic flatness at infinity, as we only deal with the zero cosmological constant and zero topological charge case. The problem turns into an eigenvalue problem for ω, and for a given value of the central field φ 0 there is a unique ω with which the boundary conditions are satisfied. In order to get rid of the constants in the equations we re-scale variables and constants byφ 0
In terms of these new variables, and after removing the tildes the system of equations becomes
Notice that ω now turns into the central value of the lapse α due to the rescaling. This is the system that is being solved in practice using finite differences with an ordinary integrator (fourth order Runge-Kutta algorithm in the present case) and a shooting routine that bisects the value of ω (the central value of α). Also, it is worth noticing that the radial coordinate is scaled by √ A and thus a natural scale for our calculations will be given by A = 1. This implies that only two parameters are free in the potential, namely B and C.
The solutions of (6) define sequences of equilibrium configurations like those shown in Fig. 1 . Each point in the curves corresponds to a Q-star solution. In each of the curves two important points for the different values of B and C are marked: (i) the critical point-marked with a filled circle-indicating the threshold between the stable and unstable branches of each sequence, that is, configurations to the left of this point are stable and those to the right are unstable as found for boson stars [7] [8] [9] and (ii) the point at which the binding energy
x is the number of particles; that is, the conserved quantity due to the invariance under the global U(1) group of the Lagrangian density (1) . The mass function is defined through the metric function a by m(r) = (1 − 1/a 2 )r/2, being M the mass function evaluated at the outermost point of the numerical domain; the configurations between the instability threshold and the zero binding energy point have negative binding energy (E B < 0) and collapse into black holes, whereas those to the right of the inverted triangles have positive binding energy and disperse away. Those configurations to the left of the threshold of instability, that is, stable configurations, obviously posses negative binding energy. Configurations marked with a square indicate special cases we deal with below.
Evolution equations
In order to carry out the evolution of these configurations, we follow the recipe used for the study of boson stars in [7, 10] . The strategy consists of splitting up the scalar field into its real and imaginary parts φ = φ 1 + iφ 2 . In this way, the Klein-Gordon equation becomes two equations: Because one does not know a priori how equilibrium configurations will behave, one is forced to allow the time-dependence of the space-time, which gets relaxed to:
where time dependence of α and a has been set up, but the radial coordinate has been kept the same for simplicity. Using this new line element for the space-time, it is convenient to define first order variables for the scalar field: π i = a α ∂ t φ i and ψ i = ∂ r φ i , for each i = 1, 2. With these new variables and the metric (8) the KG equations are translated into the following set of PDEs of first order in space and time
In terms of the new variables and the new line element, Einstein's equations read:
These equations correspond to the Hamiltonian constraint, the slicing condition and the momentum constraint respectively. Clearly, this set of equations is over-determined, and it is necessary to choose two of these three equations as the set to be solved; we choose to avoid the solution of the momentum constraint (12) during the evolution, and use it only for monitoring the accuracy of the numerical calculations [10] . Therefore the algorithm for the evolution consist in using (9) to evolve the system, then solve (10), (11) and use the new values of the metric functions for the evolution and repeat.
The time integration of (9) uses a centered finite differences approximation and a method of lines approach. The time integration is carried out using a second order iterative CrankNicholson algorithm. For the integration of Einstein's equations (10) , (11) we use a second order Runge-Kutta integrator.
The boundary condition for the scalar field is that of an outgoing spherical wave on a Schwarzschild background, which in its differential equation form reads:
for each i = 1, 2. That is, the real and imaginary parts of the scalar field are considered to behave as outgoing spherical waves separately. This is a quite simple boundary condition that certainly can improve, the only requirement demanded in the present analysis is that the boundary conditions allow second order convergence after various crossing times in the case of stable configurations, which are the ones that can be evolved for quite a long time. 
Results for Q-stars

Stable configurations
Stable configurations are those found to the left of the maxima in each of the branches of equilibrium configurations. We have performed evolutions of such configurations up to near the maximum and they still stable, until we approach a configuration so near the maximum that the discretization error of our equations become important and might tend to collapse, although we attribute this effect to the discretization errors which can be removed by using either a fourth order approximations of the equations or higher spatial resolution.
As a representative stable configurations, we use the one with parameters B = 2, C = 10, φ 0 (0) = 0.08, marked with a box in Fig. 1 . The results of the evolution are shown in Fig. 2 , that is, the metric functions a and α remain time-independent whereas the scalar field is oscillating. A Fourier transform reveals that in the units (the rescaled variables) we are using the main peak of the frequency shows up at ω = 1.
Collapsing configurations
Those configurations located between the maximum of a branch and the point at which the binding energy is zero present this type of behavior. As a representative configuration we use that with parameters B = 2, C = 10, φ 0 (0) = 0.16 (also indicated with a square in Fig. 1) . The results of the evolution are shown in Fig. 3 . It suffices to show that the metric functions behave in the correct way, that is, for the gauge we are using (the fixed radial coordinate), the lapse has to approach zero as a black hole starts forming, and the metric function a has to diverge near a region where an apparent horizon forms. The collapse happens either when a perturbation is applied or simply due to the perturbations attributed to the discretization error of our numerical methods. In the plot shown we used a tiny perturbation applied to the real part of the scalar field, then resolved Fig. 3 . Snapshots of the metric functions for the unstable configuration B = 2, C = 10 and φ 0 (0) = 0.16. The lapse collapses after a finite time and a diverges due to the coordinates used. We stop the runs once the metric function a starts diverging, because the coordinates used (Schwarzschild coordinates) are not useful to continue the evolution of the black hole formed.
Einstein's equations and started the evolution. The perturbation applied was δφ 1 = 0.0001e −(r−10)/0.25 , which implies the addition of 0.02% of the mass or the unperturbed configuration calculated at initial time (as shown below, when this perturbation is applied with the opposite sign, a different behavior appears).
Exploding configurations
This type of configurations are perhaps not very well studied, not even in the case of boson stars [10] . However the simple inspection of the sign of the binding energy inspires to say that such configurations should release the matter as free particles. Here we show this is actually what happens, configurations to the right from the inverted triangles in Fig. 1 for each branch disperse away. The trigger of the explosion is either the discretization error of our numerical methods or the application of an explicit perturbation which can consist on the addition or remotion of particles to the system. The fact is that these configurations are very compact, and get very localized as we look at configurations to the right from the point of zero binding energy in Fig. 1 . As a representative configuration with these properties we used the one with parameters B = 2.0, C = 10, φ 0 (0) = 0.6, also indicated with a square in Fig. 1 . The results of the evolution are shown in Fig. 4 . First we show snapshots of the metric functions: at initial time, they have a shape expected for any equilibrium configuration (see the stable case above for instance), and suddenly a and α flatten and get constant in space. This would not suffice to say that the particles have been released, however we also show that the mass function tends to zero after a finite time.
Migration
In order to investigate the migration of unstable configurations toward stable ones the process consists in perturbing an unstable configuration by removing a few particles. In the present case, we choose the configuration B = 2, C = 10, φ 0 (0) = 0.16 (shown to collapse above), applied a perturbation to the real part of the field φ 1 at initial time with a Gaussian shell δφ 1 = −0.0001e −(r−10)/0.25 , which means the remotion of 0.02% of the initial mass of the configuration. The result is that the configuration ejects scalar material and stabilizes around a stable equilibrium configuration. In Fig. 5 we show the behavior in time of the metric functions that stabilize around new values.
Conclusions
We have shown that Q-stars have a star-like behavior, in the sense that Q-star solutions present two branches: stable and unstable. We have done so by solving the full general relativistic equations using finite difference approximations of the continuous equations, for which we have chosen a few representative configurations. Fig. 5 . Maximum of a and minimum of α. The configuration has the properties B = 2, C = 10 and φ 0 (0) = 0.16, the one shown to collapse above, however this time it has been perturbed by removing a few particles from the equilibrium configuration. The result is that the metric function a is not as sharp as at initial time and the lapse is less deep.
We have shown that there are two types of unstable configurations: ones that collapse and others that explode, as happens to boson stars. Those collapsing into black holes have negative binding energy and those exploding have positive binding energy. Perhaps it is worth studying the critical point (in each family of solutions) that separates the unstable configurations that collapse and those that explode, and also learn about the mechanism that contributes to the outward pressure that prevents stable configurations from collapsing and produces the explosion of fissionable ones.
We also showed that the migration process from an unstable to a stable configuration is allowed, when a perturbation that removes particles is applied.
We expect the results found in this manuscript provide important restrictions on the parameters of the potential for Qstars solutions. Once this type of analysis through numerical solutions, a natural extension on the Q-balls research is the same as that of Boson stars, that is: as sources of gravitational waves through perturbations and collapse of non-spherical initial fluctuations [11] , collision of binary systems [12] , and proposing serious restrictions in terms of observational phenomena, like accretion of matter around the systems [13] .
